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The purpose of this note is to generalize the following well known result: 
“Let A be a commutative ring separated and complete with respect to the 
m-topology (m an ideal), and let R be a finite A-algebra. Then every idem- 
potent of R/mR is image of an idempotent of R”. 
Our main statement is a characterization of those pairs (A, m) such that 
the above property is true for every finite projective A-algebra R (see Theo- 
rem 4.1). Those pairs are in fact the “Hensel pairs” as defined by Lafon 
in [a], following a classical definition given by Azumaya in [2] for local 
rings. And our theorem will be, indeed, a nonlocal statement of several 
results of Azumaya (see [2], Theorems 19,20, and 22). 
Section 1 is introductory, and contains some elementary properties of 
idempotents and Hensel pairs. In Sections 2 and 3 the proof of the main 
theorem is given; and the last two sections contain some applications to the 
theory of Hensel pairs, and to the lifting of projective modules. 
In this section we recall some preliminary results on idempotents and a few 
elementary properties of Hensel pairs. All the rings are supposed to be 
associative and with identity; all modules and algebras are unitary. If R is a 
ring, m a two sided ideal and r : R -+ R/m the canonical homomorphism, 
we will write fl in place of n(x) (x E R), and we will say that x lifts (or is a 
lifting of) r(x). 
DEFINITION 1.1. Let R be a ring m a two sided ideal of R. We say thay 
(R, m) is an LI-pair (a pair with the “lifting idempotents” property) if every 
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idempotent of R/m is of the form f where e is an idempotent of R/m. We say 
that (R, m) is a strong LI-pair if every idempotent of R/m has a unique 
idempotent lifting. 
LEMMA 1.2. Let A be a commutative ring, and let e, , e2 E A be two idem- 
patents. If e, - e, E rad A, then e, = e2 . 
Proof. We have 
(e, - 4 [l - (eI + 41 = 0. 
Therefore it is sufficient to show that 1 - (e, + es) is a unit. We may write 
1 - (6 + 4 = (1 - 24 + (e, - 4 
and since 
(1 - 2e# = 1 - 4er + kl* = 1, 
1 - 2ei is a unit, and the conclusion follows since e, - e, E rad A. 
COROLLARY 1.3. Let A be a commutative ring, and let m, n be two ideals 
of A such that n Cm C rad A. Then the following conditions are equivalent: 
(i) (A, m) is an LI-pair. 
(ii) (A, m) and (A/n, m/n) are LI-pairs. 
Proof. Consider the commutative diagram 
and suppose that (i) holds. Let e E A/n be an idempotent; then g(e) is an 
idempotent and, by assumption there exists an idempotent u E A such that 
p(u) = #(e). But now’ p(u) is idempotent and #(F(U)) = +(e); moreover m/n 
is contained in rad A/n, and then we have p(u) = e by Lemma 1.2. This 
shows that (A, n) is an LI-pair. Furthermore it is trivial that (A/n, m/n) is an 
LI-pair; thus (i) implies (ii). The converse is immediate. 
We recall now a useful criterion for LI-pairs: 
PRQPOSITION 1.4. Let R be a ring and m a two sided ideal contained in 
rad R. Suppose thatfor each m E m there exists I urn such that 9 - x + m = 0, 
and zm = ma. Then (R, m) is an LI-pair. 
Proof. It is the same as [A, page 54, Proposition 3. 
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We recall now the definition of Hensel pair (see [8]). Let A be a commu- 
tative ring, m an ideal of A and X an indeterminate. Iff(X) E A[X], we will 
denote by f(X) the polynomial of A/m[X] obtained by reducing modulo m 
the coefficients off. We say that a polynomial is manic if its leading coeffi- 
cient is 1; and that two elements of a ring are coprime if they generate the 
unit ideal. 
DEFINITION 1.5. Let A be a commutative ring and m an ideal of A. We 
say that the pair (A, m) is an H-pair (Hensel pair) if for every manic poly- 
nomial f (X) E A[Xj and every decomposition f = g,& (in (A/m) [XJ) with 
go and i;, manic and coprime, there exists a unique pair of manic and coprime 
polynomials g, h E A[Xj, such that f = gh, g = go and i = i;s . 
We say that (A, m) is an H’-pair if the above statement holds whenever 
g, = (X - 1)’ and h, = X8 (I, s nonnegative integers). 
In the following we will see that there is no distinction between H-pairs 
and H’-pairs, (see Theorem 4.1.). 
LEMMA 1.6. Let (A, m) be an HI-pair. Then m C rad A. 
Proof. It is the same as [8], Proposition 2. 
PROPOSITION 1.7. Let (A, m) be an H’-pair, and let a be an ideal of A. 
Then (A/a, m + a/a) is a strong LI-pair. In particular every I-Y-pair is a strong 
LI-pair. 
Proof. By Lemma 1.6 we have m C rad A and hence m + a/a is comtained 
in rad A/a. Therefore we may apply Proposition 1.4; i.e., it is sufficient to 
show that, for each +i urn + a/a, there exists f urn + a/a such that 
Z? - I + tii = 0. We may suppose m em. Consider the polynomial 
f(X) = X2 - X + m E A[XJ; reducing modulo m we have in 
(A/m) [x] :fiX) = X(X - 1) and then, by assumption, we have 
f(X) = (X - y) (X - x), where X - y and X - I are congruent to X - 1 
and X respectively (modulo m). Therefore z urn, and s2 - z + m = 0. 
Hence Z is in m + a/a, and %s - 2 + ti = 0. The conclusion follows by 
Proposition 1.4 and Lemma 1.2. 
COROLLARY 1.8. Let (A, m) be an HI-pair. Then for every decomposition 
A/m = B, @ -+. @ B,, (direct sum of rings), there exists a unique akmposi- 
tion A = A, @ *.* @A,, (direct sum of rings), such that Bi = A&A, 
(i = O,..., n). 
Proof. It follows by Proposition 1.7, with the same argument used in 
[A, p. 96, Proposition 8. 
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COROLLARY 1.9. Let (A, m) be an H’-pair. Then spec (A) is connected 
if and only if spec (A/m) is connected. 
Proof, If B is a commutative ring, spec (B) is connected if and only if B 
contains no nontrivial idempotents ([4], p. 132, Corollary 2). Hence the con- 
clusion follows easily by Corollary 1.8 and Lemma 1.6. 
COROLLARY 1.10. Let A be a semilocal ring and m its radical. I f  spec (A) 
is connected and (A, m) is au H’-pair, then A is local. 
LEMMA 1.11. Let (A, m) be an H’-pair, and suppose A = A, @ A, 
(direct sum of rings). Then (Ai , mAJ is an H’-pair (i = 1, 2). 
Proof. Let 1 = e, + e s , ei E At (i = 1,2). Then et is the identity of the 
ring Ai (i = 1,2). Moreover we have 
44 =, GM-U 0 (e24xl), 
4 [Xl = (4 ; [Xl) 0 (4 ; VI) * 
Therefore every manic polynomial of A,[X] is of the form es f  (X), where 
f(X) is a manic polynomial in A[X]; and similarly for (AJmAJ [XJ 
Let now e, f  (X) be a manic polynomial in A,[XJ and suppose 
Cif(X) = (f$X - lFii>’ (CiX>s. 
Then we may suppose f(X) = (X - 1)r X”, and therefore we have 
f(X) = g(X) h(X) where g, h are coprime and g(X) = (X - l)‘, i;<X) = X8. 
Hence 
eif(X> = l?&Xll ~~~4-91, 
and the conclusion follows easily. 
COROLLARY 1.12. Let (A, m) be un H’-pair, and suppose 
(direct sum of rings). Then there exist a unique decomposition 
A = A,, @ **a @ A,, (direct sum of rings), such that Al/mAI = Bi and 
(A, , mAJ is un H’-pair (i = 0 ,..., n). 
Proof. It follows easily by Corollary 1.8 and Lemma 1. Il. 
We conclude this section with some examples of H-pairs: 
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EXAMPLE 1.13. Let A be a commutative ring separated and complete 
with respect to a linear topology, and let m be a closed ideal of A with every 
element topologically nilpotent. Then (A, m) is an H-pair, as follows by 
Hensel’s lemma (see, e.g., [5], p. 84, Theorem 1). 
EXAMPLE 1.14. Let (A, m) be an H-pair, and let B be a subring of A (with 
the same identity). If B is algebraically closed in A, then (B, m n B) is an 
H-pair. This follows easily by the construction of the “relative henselization” 
given by Lafon ([??I, proof of Proposition 2). More generally the same argu- 
ment shows that if B is integrally closed in A, if n = B n m, and S = 1 + n, 
then (B, , nBs) is an H-pair. 
EXAMPLE 1.15. Let (A, m) be an H-pair. Then (A, dz) is an H-pair. 
This follows easily by the definition, using the fact that (A/m, 2/m/m) is an 
H-pair (Example 1.13). 
2 
In this section we will prove the following 
THEOREM 2.1. Let (A, m) be an H’-pair (Def. 1.5), and let R be a $nite 
projective A-algebra (not necessarily commutative). Then (R, mR) is an 
LI-pair (Def. 1.1). 
Here by “finite projective A-algebra” we mean an algebra that is finitely 
generated and projective as an A-module. The above theorem is a partial 
generalization of a classical result of Azumaya for local Hensel rings ([2], 
Theorem 21; see also [5& p. 127, Exercise 5a). 
The proof will be carried out in several steps. First of all we suppose that 
R is a full matrix algebra over A, and we prove that some special idempotents 
can be lifted. For this we need the following 
LEMMA 2.2. Let B be a commutative ring and u E End (B”) an idempotent. 
Suppose that the projective A-module P = Im (u) has (a well dejined) rank p. 
Then the characteristic polynomial of u is (X - l)p Xn-p. 
Proof. The conclusion is clear if P and Ker (u) are free. Hence it is true 
when B is local ([3], p. 107, Corollary 2). Let nowf (X) be the characteristic 
polynomial of u. Then we have 
f(X) = (X - I>’ X”g(X>, 
where g(X) is a polynomial not divisible by either X - 1 or X. We will prove 
that Y = p, and s = n - p [and hence g(X) = 1, since f is manic]. 
481/8/I-4 
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For each maximal ideal n of B letf”(X), gJX> be the images off(X), g(X) 
under the canonical homomorphism B[X] + B,[X]. Then fn(X) is the 
characteristic polynomial of the enomorphism u, : Bnn + B,” induced by u. 
But B, is local, and Im (u,) = P @ B, is free of rank p. Therefore by the 
previous remark we have, in B,[X]: 
(X - 1)P x=-y =fJX) = (X - 1)’ X”g,(X) 
Suppose now r < p. Then g,,(X) is divisible by X - 1, and therefore 
g,( 1) = 0. But this is true for every maximal ideal n of B, and then g(1) = 0 
([3], p. 112, Corollary 3, (i)), and this contradicts the definition of g(X). 
Therefore p < r. Similarly one proves that 71 -p < s, and the conclusion 
follows. 
LEMMA 2.3. Let (A, m) be an H/-pair, and let R = End (A”). Let u E R 
be such that zi E RjmR = End [(A/m)“] is idempotent. If the projective A/m- 
module Im (a) has rank p, there exists a polynomial H(X) E A[X] such that 
H(u) is an idempotent of R lifting C. 
Proof. Let p be the rank of Im (zi). We may assume 0 < p < n, since 
otherwise zz is either 0 or 1 and the conclusion is trivial. Let f (X) be the 
characteristic polynomial of u. Then f(X) is the characteristic polynomial 
of z? and then, by Lemma 2.2, we have f(X) = (X - 1)P X+r. By assump- 
tion (see Def. 1.5) we have then f (X) = g(X) h(X), where g(X), h(X) are 
manic and coprime, and g(X) = (X - l)P, z(X) = Xn-P. Then there exist 
gr(X), h,(X) E A[4 such that 
1 = &(X> g(X) + 4(X) w3 (1) 
Let G(X) = gr(X) g(X) and H(X) = h,(X) h(X). We will prove that H(u) 
idempotent, and that H(u) = ti. 
By (1) we have, in R, 
1 = G(u) + H(u) 
and by the Hamilton-Cayley theorem: 
H(u) G(u) = G(u) H(u) = g&4 h#)f (4 = 0; 
hence it is easy to show that H(u) is idempotent. 
Since 0 < p < n we have G(1) = R(O) = 0, and then, by reducing (1) 
modulo m, we find 
1 = G(1) + R(1) = R(1) 
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and since ri is idempotent, 
H(u) = R(a) = R(0) + (R(1) - R(0)) ?i = ti 
and this completes the proof. 
Now we want to show that the conclusion of Lemma 2.3 holds without any 
assumption on Im (zi). For this we need the following 
LEMMA 2.4. Let B be a commutative ring, and let e E End (B”) be an 
idempotent. Then there exist a decomposition B = B, @ a** @ B, (direct sum 
of rings) with the following properties: 
(i) End (B”) = End (B,“) 0 *** @ End (B,“) 
(ii) e=e,+.**+e,, where ei E End (Bi) is idempotent, (i = 0 ,..., n). 
(iii) Im (ei) is a projective B,-module of rank i (i = O,..., n). 
Proof. Let P = Im (e), and for each p E spec (B), denote by rgp(P) 
the rank of the free BP-module P @ B, . Then for each n E spec (B) we have 
0 < rgp(P) < 71. Moreover the map h : spec (B) --t Z defined by h(n) = rgp(P) 
is locally constant ([4], p. 138, Theorem 1). Let X, = X-l(i), i = O,...; tl. 
Then spec (B) is the disjoint union of the Xi’s, and they are both open and 
closed. Therefore there exist rings B, ,..., B, (eventually 0) such that 
X, = spec (BJ (i = 0 ,..., n), and B = B, @ .** @ B, ([4], p. 130, Prop. 15). 
Then (i) and (ii) are clearly satisfied. Let now Pi = P @ B( . Then one sees 
easily that Pi is a projective B,-module of rank i, and that Pt = Im (eJ, where 
e = e, + a-- + en. This completes the proof. 
LEMMA 2.5. Let (A, m) be an H/-pair, and let R = End (An). Then if 
u E R is such that zi E R/rnR is idempotent, there exists a polynomial 
H(X) E A[X] such that H(u) is an idempotent of R lifting zi. 
Proof. By Lemma 2.4 we have A/m = B, @ e-e @ B, , and 
zi=tio+ *** + zi,, where rid E End (Bin) is idempotent, and Im (rid) has 
rank i (i = O,..., n). By Corollary 1.12 we have A = A,, @ *** @ A, , where 
A&AI = Bi and (A, , mAi) is an H’-pair (i = O,..., n). Hence we may 
apply Lemma 2.3 to each Ai , and we find polynomials Hi(X) E A,[4 such 
that H,(u,) is an idempotent of End (Ai”) lifting Zz, . Then a direct computa- 
tion shows that if H(X) E A[x] is defined by H(X) = H,(X) + e-e + H,,(X), 
then H(U) is an idempotent of R lifting S. 
Now we can prove Theorem 2.1. 
Proof of Theorem 2.1. Let P be a finitely generated projective A-module 
such that R @ P = An (isomorphism of A-modules), for suitable n. Consider 
the map VT : R + S = End (An) defined by m(a) (b, p) = (ab, 0) (a, b E R, 
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p E P). Then v is an isomorphism of R onto a subring of S. Let 
7j : R/mR -+ S/mS be the induced map; then ii is an isomorphism of R/mR 
onto a subring of S/mS. Let now u E R be such that zi is idempotent. Then 
- - 
ii(n) is idempotent in S/mS, and V(U) = r(u). By Lemma 2.5 there exists 
a polynomial H(X) E A[X] such that H(n(u)) is an idempotent lifting n(u). 
But H(+)) = +J(u)), an d since m and 75 are injective, H(u) is an idempotent 
lifting U. 
Remark 2.6. With the assumptions of Theorem 2.1 the conclusion 
“(R, mR) is a strong LI-pair” is false in general; as an example let A = Z/(4), 
m = 2A and R = End (A2). Then the matrices 
represent two distinct idempotents of R having the same image in R/mR. 
However (A, m) is an H-pair by Example 1.13. 
Remark 2.7. We don’t know if Theorem 2.1 is true for any (not necessarily 
projective) finite A-algebra. However the following statements hold: 
(i) If (A, m) is an H-pair, where A is local and m is its maximal ideal, 
then for every finite A-algebra R (R,mR) is an LI-pair (see [5], p. 127, 
Exercise 5). 
(ii) If (A, m) is an H-pair and R is a finite commutatiwe A-algebra then 
(R, mR) is an LI-pair (see Lemma 4.4). 
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In this section we will prove a converse of Theorem 2.1. This generalize 
Azumaya’s similar result for local rings, and the proof we give here follows 
the same idea (see [2], Theorem 19, and [9], p. 184, Theorem 43.13). 
THEOREM 3.1. Let A be a ring and m an ideal of A containing no idempotent 
da$ferentfrom 0. Suppose that far each A-algebra B of the form B = A[Xl/( f ), 
where f is a monicpolynomial, (B, mR) is an LI-pair. Then (A, m) is an H-pair. 
Observe that the algebras B of the above type are free over A. 
To prove Theorem 3.1 we need the following two lemmas. 
LEMMA 3.2. Let C be a commutatiwe ring and let f (X), g(X), h(X) E C[x] 
be monicpolynomials uch thatg(X)and h(X) are coprime,andf (X) =g(X) h(X) 
Let C[x] = C[Xj/( f). Then we hawe: 
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(i) C[x] = (g(x)) @ (h(x)) (direct sum of ideaki); 
(ii) (g(x)) is generated, as a C-module, by g(x), xg(x),..., x”-lg(x) where 
t = deg (h); 
(iii) (h(x)) is generated, as a C-module, by h(x), xh(x),..., x’-lb(x), where 
s = deg (g). 
Proof. We have clearly (g(x)) + (h(x)) = C[x]. Hence 
(g(4) n (h(4) = kW> (h(x)) = (f(4) = 0, 
and this proves (i). 
Observe now that each element of (g(x)) may be written in the form 
g(x) (c, + cl* + *** + c,-,x+1), 
where n = deg (f ), and c0 ,..., c,-, E C. Then the elements g(x), xg(x) ,..., 
xn-lg(x) generate (g(x)) as a C-module. Therefore to prove (ii) it is sufficient 
to show that, for each p, t < p < 71 - 1, we have 
ec4 = y(x) &4 (1) 
where r(X) E C[x] is a polynomial either 0 or of degree < t - 1. But h(X) 
is manic and then we have 
Xp = h(X) q(X) + r(X), (2) 
with q(X), y(X) E WCI, and either r(X) = 0 or deg (r) < t - 1. Moreover, 
g(x) h(x) = f (x) = 0, and then (1) f  o 11 ows easily by (2). This proves (ii), and 
the proof of (iii) is similar. 
LEMMA 3.3. Let A be a commutative ring and nt an ideal of A. Suppose 
that: 
(i) The only idempotent contained in m is 0; 
(ii) For every free A-algebra B of rank 2, (B, mB) is an LI-pair. 
Then m C rad A, and (A, m) is a strong LI-pair. 
Proof. Let y  = 1 + m, where m urn; we want to prove that y  is a unit. 
Let B = A[;YI/(X2 - yX) = A[x]. Then B is free of rank 2 over A, and 
BjntB = (A/m) [q/(X2 - X) = (A/m) [z]. By (ii), the idempotent R can be 
lifted to an idempotent ax + b E B. We have E + 6 = 5 and therefore 
6 = 1 and 8 = 0 (observe that 1 and R are linearly independent over A/m). 
Moreover, 
0 = (ax + b)2 - (ax + b) 
= a(ay + 2b - 1) x + b2 - b. 
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Hence b2 - b = 0; but b E nr, and then b = 0 by (i). It follows that 
a(ay - 1) = 0, and a trivial computation shows that 1 - uy is idempotent 
in A. But also 1 - 6jj = 0 (since d = 1, 9 = l), and then 1 - uy em; 
hence by (i) we have ay = 1. Thus y is a unit and M C rad A. 
Let now zi E A/m be an idempotent, let B = A[Xj/(X2) = A[x], and 
observe that zi E A,‘m C (A/m) [zi] = B/mB. But B is A-free of rank 2 and 
then ri can be lifted to an idempotent u E B. A straightforward computation 
shows that actually u E A. Then (A, m) is a strong LI-pair, by Lemma 1.2. 
Proof of Theorem 3.1. We will prove that the conditions of Definition 1.5 
are satisfied. Let then f(X) E A[X] b e a manic polynomial, and suppose we 
have, in (A/m) [Xj :f(X) =&,(X) i,,(X), where go(X), h,(X) are manic and 
coprime. Let A[x] = A[X]/(f), and observe that there exists a canonical 
ring isomorphism 
By Lemma 2.2(i) we have 
and then, by assumption, 
A[x] = a @b, 
where a and b are ideals of A[%] such that 
a/ma = (go(R)), b/mb = (L,,(R)) 
Moreover, A[x] is finitely generated as an A-module, and hence a and b 
are finitely generated as A-modules. 
By Lemma 3.3 we have m C rad A, and hence, by Lemma 3.2 and 
Nakayama’s lemma, a is the sub-A-module of A[x] generated by g’(x), 
xg’(x),..., A+lg’(x), where g’(x) E a is some lifting of g,(n), and t = deg (i). 
Similarly, b is generated over A by h’(x), xh’(x),..., x+lh’(x), where 
h’(x) = La(*) and s = deg (I). Therefore we have, for suitable a, ,..., a,-, , 
b ,, s..., h-1 E A, 
%kw + **- + u,-,xt-lg’(x) + dg’(x) = 0, 
bob’(x) + ... + bg&--lb’(x) + @h’(x) = 0. 
Let 
g(X) = 6, + b,X + ..* + X8, 
h(X) = a, + u,X + a.* + X”. 
Then a straightforward computation shows that f(X) = g(X) h(X), and 
g(X) = g,,(X), i;(X) = i;,(X). Finally, because m C rad A, the conclusion 
follows by [8], Proposition 1. 
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In this section we will use the preceding results to give some conditions 
for a pair (A, m) to be an H-pair (Theorems 4.6 and 4.8). First of all we sum- 
marize the statements of Sections 2 and 3 in the following. 
THEOREM 4.1. Let A be a commutative ring and m an ideal of A. Then the 
following conditions are equivalent: 
(i) (A, m) is an H-pair (Def. 1.5); 
(ii) (A, ttt) is an H’-pair (Def. 1.5); 
(iii) nt C rad A, and for every finite projective A-algebra R, (R, ntR) is an 
LI-pair (Def. 1.1); 
(iv) nt contains no nonzero idempotent, andfm every finite free commutative 
A-algebra R, (R, mR) is an LI-pair; 
(v) m cotains no nonzero idempotent, and for each manic polynomial 
f E A[X], the pair [A[.XJ/( f ), m(A[XJ( f ))] is an LI-pair. 
Proof. It follows by Theorems 2.1 and 3.1, and by Lemma 1.6. 
COROLLARY 4.2. Let (A, m) be an H-pair, and let n C 4% be an ideal of A. 
Then (A, n) is an H-pair. 
Proof. By Example 1.15, (A, d/-) m is an H-pair. Let B be a finite free 
commutative A-algebra. Then (B, l/mB) is an LI-pair by Theorem 4.1. 
Therefore, (B, nB) is an LI-pair by Corollary 1.3, and (A, n) is an H-pair 
by Theorem 4.1. 
Theorem 4.6 (to follow) is a generalization of a well-known theorem 
holding for local Hensel rings (see [9], p. 185, Corollary 43.16), and shows 
that if (A, m) is an H-pair and B is a commutative A-algebra integral over A, 
then (B, mB) is an H-pair. This will be proved in several steps, using Theo- 
rem 4.1 and some results of Section 1. 
LEMMA 4.3. Let (A, m) be an H-pair, and let B be a freefinite commutative 
A-algebra. Then (B, mB) is an H-pair. 
Proof. Let C be a finite free commutative B-algebra. Then C is a free 
finite A-algebra, and therefore (C, mC) is an LI-pair by Theorem 4.1. But 
mC = f&B) C, and mB C rad B since m C rad A (Lemma 1.6). Hence 
(B, mB) is an H-pair by Theorem 4.1. 
LEMMA 4.4. Let (A, m) be an H-pair, and let C be a $nite commutative 
A-algebra. Then (C, mC) is an LI-pair. 
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Proof. By [6], p. 71, Exercise 8, there exists a finite free commutative 
A-algebra B such that C is a quotient ring of B. The conclusion follows by 
Lemma 4.3 and Proposition 1.7. 
LEMMA 4.5. Let (A, m) be an H-pair, and let B be a commutative A-algebra 
integral over A. Then (B, mB) is an LI-pair. 
Proof. Let u E B be such that G E B/I& is idempotent. Then B is integral 
over A[u]; therefore if p is a prime ideal of A[u] containing mA[u], we have 
nt Bn A[u] C pB n A[u] = p ([16], p. 38, Corollary l), and hence 
l/mA[u] CmB n A[u]. Then if 
is the canonical map, every element of Ker (h) is nilpotent, and hence 
VWl~M~ Ker (4) is an H-pair (Example 1.13). Moreover, zi E Im (h), 
and hence c can be lifted to an idempotent of A[u]/mA[u] (Prop. 1.7). Now 
A[u] is a finite A-algebra, and then (A[u], mA[u]) is an LI-pair by Lemma 4.4. 
The conclusion follows. 
THEOREM 4.6. Let (A, m) be an H-pair, and let B be a commutative 
A-algebra integral over A. Then (B, mB) is an H-pair and a strong LI-pair. 
Proof. The first statement follows by Lemma 4.5, with the same argu- 
ment used in the proof of Lemma 4.3; and the second follows by Proposition 
1.7. 
We will give now another characterization of the H-pairs (A,m), in 
which spec (A) is connected. This follows by Theorem 4.1 and the following. 
LEMMA 4.7. Let B be a commutative ring such that spec (B) is connected, 
and let R be a finite projective commutative A-algebra. Then R contains only 
j%itely many idempotents. 
Proof. Since spec (B) is connected, the projective B-module R has a well 
defined rank p. We will prove our statement by induction on p. If p = 0, 
then R = 0, and the conclusion is trivial. Suppose then p > 0, and that the 
conclusion is true for all the projective A-algebras of rank <p. If spec (R) 
is connected the conclusion is again trivial, and therefore we may suppose 
R = RI @ R, (direct sum of nonzero rings). Now both RI and R, are 
projective A-algebras of rank <p, and then each of them contains only 
finitely many idempotents. Then the same is true for R and the proof is 
complete. 
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THEOREM 4.8. Let A be a commutative ring with spec (A) connected, and 
let nt be an ideal of A. Then the following conditions are equivalent: 
(i) (A, M) is an H-pair; 
(ii) fw each Jinite free commutative A-algebra R such that spec (R) is 
connected, also spec (R/mR) is connected. 
Proof. By Theorem 4.1 we have that (i) implies (ii). To prove the con- 
verse, we shall show that condition (iv) of Theorem 4.1 holds. It is clear 
that m contains no nonzero idempotents, and we have to show that if R is 
any finite free commutative A-algebra, then (R,mR) is an LI-pair. By 
Lemma 4.7, R contains only a finite number n of nontrivial idempotents. If  
n = 0 then spec (R) is connected; hence spec (R/mR) is connected by assump- 
tion, and the conclusion is trivial. Let now suppose n > 0. Then we have a 
nontrivial direct sum decomposition R = RI @ R, , and the number of 
nontrivial idempotents of each Ri is strictly less than n, and the conclusion 
follows easily by induction on n. 
5 
In this section we apply the results of Section 2 to the “lifting” of pro- 
jective modules. In the following we mean, by R-module, a finitely generated 
left unitary R-module. 
THEOREM 5.1. Let (A, m) be an H-pair, and let R be a Fnite projective 
A-algebra (not necessarily commutative). Then, for every projective (R/mR)- 
module E’, there exists a unique (up to isomorphism) projective R-module P 
such that P = P/mP. 
Proof. Let S, = End, (R”). Then S, is a finite projective A-algebra, 
and therefore (S, , m&J is an LI-pair, by Theorem 2.1. The conclusion 
follows by the same argument used by Bass in [3], proof of Lemma 18.1. 
COROLLARY 5.2. Let (A, nt) and R be as in Theorem 5.1. Then Q projective 
R-module P has a free complement if and only if PImP has a free complement. 
COROLLARY 5.3. Let (A, m) and R be as in Theorem 5.1. Let P be a pro- 
jective R-module and P = PjmP. I f  P = g @ ti (direct sum of (RImR)- 
modules), then P = Q @ M, where 0 = Q/mQ and i@ = M/mM. 
Proof. Let Q be a projective R-module such that & = Q/m& (Theorem 
5.1.). The canonical epimorphism ii : P-+Q lifts to an homomorphism 
w : P -+ Q that is onto by Nakayama’s lemma. Let M = Ker (x). Then we 
have P = Q @ M, and the conclusion follows easily. 
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The following two corollaries generalize similar results obtained in [I], 
Cor. 1.17 and Theorem 1.18. 
COROLLARY 5.4. Let (A, m) be an H-pair. Then for every projective 
(A/m)-module P of rank n, th ere exists a unique (up to &morphism) projective 
A-module P of rank n such that P = PlmP. 
Proof. It follows by Theorem 5.1 and by [I], Lemma 1.16. 
COROLLARY 5.5. Let (A, m) be an H-pair. Then the canonical homomor- 
phism P(A) +P(A/ m is ikc ive. ) bl t (We denote by P(B) the group of isomor- 
phism classes of rank-l projective B-modules; see [4], p. 144.). 
COROLLARY 5.6. Let (A, m) be an H-pair, and suppose A is a dom&n with 
quotient Jield K. Let M be an A-module. Then M is projective of rank n if and 
only if M/mM is (A/m)-projective of rank n and dim, (M @ K) = n. 
Proof. By Corollary 5.4, there exists a projective A-module P, of rank n, 
such that PjmP = M/mM. The canonical homomorphism P--f MjmM lifts 
to a homomorphism X : P -+ M, that is onto by Nakayama’s lemma (m C rad A 
by Lemma 1.6). Let N = Ker (h). Then tensoring with K the exact sequence 
0 + N -+ P -+ M + 0, gives N @ K = 0. Hence N is a torsion submodule 
of a projective A-module, and then N = 0, since A is a domain. The con- 
clusion follows. 
We conclude with two examples: 
EXAMPLE 5.7. Let A be a commutative ring, X an indeterminate, and B 
the algebraic closure of A[X] in A[[XJ]. Then every projective A-module is 
of the form M/(X) M, where M is a projective B-module. This follows by 
Corollary 5.4, since (B, (X) B) is an H-pair by Example 1.14. 
EXAMPLE 5.8. Let A be a valuation ring, let m be its maximal ideal, and 
consider in A the canonical linear topology (see, e.g., [II], Example 2). Let 
B = A{X, ,..., X,} be the ring of restricted series on A with respect to the 
above topology. Then (B, mB) verifies the conditions of Example 1.13, as 
follows easily by [IO], (Proposition 1 and Corollary of theorem 1). Therefore 
(B,mB) is an H-pair. Moreover B/m73 = (A/m) [XI ,..., X,J, and Corollary 
5.4 shows that every projective B-module is free if and only if the same is 
true for (A/m) [XI ,..., X,]. This last condition is a well-known problem 
stated by Serre in [II]. 
Observe further that, by Corollary 5.2 and a theorem of Serre ([12], 
Proposition 10) every projective B-module has a free complement. Therefore 
the problem of freeness of projective B-modules can be stated in terms of 
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matrices, as in the case of polynomials (see [II] again), in the following 
way: “Let Z+ ,..., b, E B be such that (b, ,..., b,) = B. Then they form the 
first row of an invertible matrix with coefficients in B”. This last statement 
is then equivalent to Serre’s problem for the ring (A/m) [XI ,..., XJ. 
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